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Abstract. Generation of extremely/very low frequency
(ELF/VLF) chorus waves in Earth’s inner magnetosphere has
received increased attention recently because of their sig-
nificance for radiation belt dynamics. Though past theoret-
ical and numerical models have demonstrated how rising-
tone chorus elements are produced, falling-tone chorus el-
ement generation has yet to be explained. Our new model
proposes that weak-amplitude falling-tone chorus elements
can be generated by magnetospheric reflection of rising-tone
elements. Using ray tracing in a realistic plasma model of the
inner magnetosphere, we demonstrate that rising-tone ele-
ments originating at the magnetic equator propagate to higher
latitudes. Upon reflection there, they propagate to lower L-
shells and turn into oblique falling tones of reduced power,
frequency, and bandwidth relative to their progenitor rising
tones. Our results are in good agreement with comprehen-
sive statistical studies of such waves, notably using magnetic
field measurements from THEMIS (Time History of Events
and Macroscale Interactions during Substorms) spacecraft.
Thus, we conclude that the proposed mechanism can be re-
sponsible for the generation of weak-amplitude falling-tone
chorus emissions.
Keywords. Magnetospheric physics (plasma waves and in-
stabilities)
1 Introduction
Since they were first revealed by ground-based observations
(e.g., Storey, 1953; Allcock, 1957), chorus-type whistler-
mode waves, among the most intense natural emissions in
the magnetosphere (e.g., Burtis and Helliwell, 1969; Tsu-
rutani and Smith, 1977), have been studied intensively (see
the reviews by Omura et al., 1991; Sazhin and Hayakawa,
1992). Spacecraft observations have shown that these waves
exhibit discrete quasi-monochromatic elements from a few
hundred hertz to a few kilohertz that propagate in two distinct
frequency bands, scaling on the equatorial gyrofrequency
e,equ (Burtis and Helliwell, 1969; Koons and Roeder,
1990). The lower band lies in the ω ≈ 0.1–0.5e,equ range
and the upper band in the ω ≈ 0.5–0.8e,equ range with
a wave power minimum around 0.5e,equ (Tsurutani and
Smith, 1974). Chorus elements usually exhibit both rising
(dω/dt > 0) and falling (dω/dt < 0) tones and sometimes
short, impulsive bursts (see, e.g., Burton and Holzer, 1974;
Anderson and Maeda, 1977; Hayakawa et al., 1984). Burtis
and Helliwell (1976) demonstrated that rising tones are the
most commonly observed chorus-wave elements (77 % of the
observations), followed by falling tones (16 %). Constant-
frequency tones, some combination of the above, named
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“hooks” (regular or inverted), and structureless narrowband
elements were also found (Tsurutani and Smith, 1974).
Recent statistical studies of chorus waves using THEMIS
(Time History of Events and Macroscale Interactions during
Substorms) data (Li et al., 2011b, 2012) have confirmed the
dominance of rising tones on both nightside and dayside and
have shown that rising-tone wave amplitudes are typically
much larger (a few tens to hundreds of picotesla) than those
of falling tones (< 50 pT; see Li et al., 2011b, 2012). In these
studies, rising and falling tones are found to occur preferen-
tially in the region with lower values of ωpe/e,equ (where
ωpe is the plasma frequency) from postmidnight to noon.
Rising tones are mostly concentrated around large L-shells
(> 8); falling tones are mostly confined to small L-shells
(< 8). These statistical analyses have also shown that ris-
ing tones are generally quasi-field-aligned (θ < 30◦, θ is the
wave-normal angle with respect to the local magnetic field
direction), as found by Burton and Holzer (1974), Hayakawa
et al. (1984), and Agapitov et al. (2011b), whereas falling
tones are very oblique, as found by Cornilleau-Wehrlin et al.
(1976) and Santolík et al. (2009).
The primary source region of chorus emissions lies in
the vicinity of the magnetic equator (Dunckel and Helliwell,
1969; LeDocq et al., 1998; Santolík et al., 2005b, a), where
the waves have a maximum amplitude near L≈ 7 (Li et al.,
2011a; Meredith et al., 2012; Agapitov et al., 2013). The
transverse coherence scale of the chorus-wave generation re-
gion on the basis of simultaneous multi-spacecraft measure-
ments of the same chorus elements obtained by Cluster dur-
ing 2002–2003 was found to be ∼ 200 km at L≈ 4.4 (San-
tolík and Gurnett, 2003),∼ 600 km at L≈ 5 (Agapitov et al.,
2011a) and ∼ 3000 km for L≈ 8–9 (Agapitov et al., 2010).
A secondary source may lie in pockets of minimum mag-
netic field at high-latitude λ in the dayside magnetosphere
(Tsurutani and Smith, 1977; Keika et al., 2012) during high
geomagnetic activity. However, this additional source region
is beyond the scope of this study.
Chorus waves are generally thought to be generated by
cyclotron resonance with energetic electrons (roughly 1
to 100 keV) injected from the plasma sheet (Kennel and
Petschek, 1966; Tsurutani and Smith, 1977). The discrete
nature of large-amplitude chorus elements implies that their
generation mechanism is nonlinear (Dysthe, 1971; Omura
et al., 1991; Trakhtengerts, 1999). Although this mechanism
is still the subject of intense research (see Nunn, 1974; Nunn
et al., 1997; Katoh and Omura, 2007; Omura et al., 2008;
Cully et al., 2011, and references therein), there is grow-
ing consensus that large-amplitude chorus elements originate
in nonlinear interaction between electron gyration and wave
propagation. Although previous models have successfully re-
produced rising-tone elements using quasi-parallel chorus-
wave propagation (Nunn et al., 1997; Katoh and Omura,
2007; Omura et al., 2008; Nunn et al., 2009), very few have
been able to generate falling tones, and those only under
the assumption of an unrealistic particle distribution (Lampe
et al., 2010) or resulting in unobserved properties of fallers,
such as an initial upward hook (Nunn et al., 2009). Recently
two models have succeeded in producing falling tones in
reasonable agreement with observations (Nunn and Omura,
2012; Soto-Chavez et al., 2014). Given that most falling-tone
chorus are observed to be very oblique, Li et al. (2011b) sug-
gested that the classical excitation mechanism used to ex-
plain rising tones may not be responsible for their generation.
Following this idea, Kurita et al. (2012) have performed a
Poynting flux vector analysis of falling-tone chorus elements
and have found that most falling tones propagate away from
the magnetic equator. A recent statistical study (Li et al.,
2013) has also shown that the vast majority of chorus Poynt-
ing flux vectors points away from the equator for λ≤ 15◦.
However, this analysis has been carried out for relatively
large-amplitude waves solely; thus the intensity of reflected
falling-tone chorus waves is probably not sufficiently strong
to be taken into account in these results, as stated in Li et al.
(2013).
Understanding how and why falling-tone chorus elements
occur is of great value for models of particle acceleration
in radiation belts. Nonlinear resonant interaction of strong
whistler waves with electrons can be indeed responsible for
very rapid energy gain. This process is quite sensitive to fre-
quency modulation of wave amplitude, i.e., to the sign of
dω/dt (see, e.g., Tao et al., 2012, and references therein).
Recent work (see, e.g., Bortnik et al., 2006, 2007; Chen
et al., 2009; Watt et al., 2012; Breuillard et al., 2012a, b;
Chen et al., 2013) has demonstrated the robustness of the
ray-tracing technique for determining chorus-wave propa-
gation properties outside the plasmasphere. In this region,
suprathermal electron fluxes increase with increasingKp and
L-shell, and are larger on the nightside compared to day-
side (see, e.g., Li et al., 2010). Similar tendencies have been
found for Landau damping of chorus waves using ray-tracing
simulations (Chen et al., 2013). Thus, for relatively small
L-shells (outside the plasmapause) in the dayside magneto-
sphere during quiet times, chorus-wave propagation in cold
plasma is acceptable as a first approximation. Ray tracing in
cold plasma has indeed enabled successful studies of magne-
tospherically reflected chorus waves generated at the equator
(Bortnik et al., 2008, 2009, 2011a, b; Agapitov et al., 2011c),
whose spacecraft observations are scarce (Parrot et al., 2003,
2004; Agapitov et al., 2011c).
In this paper, we investigate the origin of falling-tone el-
ements by means of the ray-tracing technique, taking as a
basis their statistical characteristics observed by Li et al.
(2011b, 2012).
2 Modeling chorus elements in the source region
To model generation of falling-tone chorus elements in the
inner magnetosphere, we use a 3-D ray-tracing code (for de-
tails see Breuillard et al., 2012a, b) that includes a realistic
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model of the Earth’s inner magnetosphere (Global Core
Plasma Model: GCPM 2.2; see Gallagher et al., 2000). The
magnetic field and thermal plasma density parameters cho-
sen (Magnetic Local Time (MLT)= 09:00 and Kp = 4; see
Agapitov et al., 2011b; Breuillard et al., 2012b) are typical
of the period in which most chorus waves occur in the inner
magnetosphere. The electron density model employed in this
study with the parameters described in the previous sentence
is presented in Fig. 1. The key parameter, the plasmapause,
is here clearly defined at L= 4. The chorus source region is
here assumed to be at the magnetic equator (Z = 0) atX ∼ 7.
We thus use the database of ray trajectories generated at the
magnetic equator described in Breuillard et al. (2012b), but
with an extended range of L-shells (5≤ L0 ≤ 10; the index
0 indicates the equatorial chorus source region), yielding a
total of ∼ 70 000 ray trajectories.
Each discrete chorus element (hereafter referred to as a
single chorus element, an SCE) is modeled by a set of rays
injected at the equator with initial parameters based on typi-
cal rising-tone chorus element characteristics. Thus, the fre-
quency range chosen is 0.25≤ ω ≤ 0.45e,0 (see Li et al.,
2011b, 2012) with a step 1ω = 0.05e,0. The initial wave-
normal angle range is 5◦ ≤ θ0 ≤ 40◦ (Agapitov et al., 2012,
2013) with 1θ0 = 5◦. The initial azimuthal range is 0◦ ≤
ϕ0 ≤ 180◦, where ϕ0 = 180◦ indicates that k is initially di-
rected towards the Earth with 1ϕ0 = 10◦. Taking as a basis
the transverse coherence scale results described in the pre-
vious section, the observed size of individual rising-tone el-
ements seems to increase with increasing L-shell, and the
roughly estimated realistic size of individual rising tones in
the considered source region here (L≈ 7) would be of the
order of 2000 km. Therefore we use in this study a realistic
source size of 0.3RE (∼ 2000 km) wide in L-shell to model
each individual rising-tone element. The wave power depen-
dence of each SCE on L0 is not uniform however, and we ap-
proximate this distribution by a Gaussian function with vari-
ance ∼ 0.3RE.
The wave power distribution for each SCE in the cho-
rus source region must also be reproduced accurately. The
equatorial chorus azimuthal angle distribution is assumed to
be uniform. Thus, weighting is divided into three individ-
ual components representing the dependence on ω,L0,θ0.
Chorus-wave power distribution in frequency is usually ap-
proximated by a Gaussian function with a maximum value of
ω ≈ 0.35e,0 (Burtis and Helliwell, 1976). For the MLT and
Kp parameters considered, the chorus-wave-normal distribu-
tion is presented in Agapitov et al. (2012), from which we ob-
tain a function h0(θ0) representing the distribution of θ0 an-
gles at the equator. Li et al. (2011a) have shown that the equa-
torial intensity of chorus waves at MLT= 09:00 for a mod-
erate geomagnetic activity has a maximum in the 8≤ L0 ≤ 9
range and reaches nearly 0 at L0 ≈ 5.
Additionally, as stated above, each SCE is also modeled
by a Gaussian function (of ∼ 1RE width) weighting its wave
power dependence on L0. Hence, to properly model an SCE
Figure 1. The employed model of electron density, given by the
GCPM 2.2 model for the date 8 September 2002 at 05:00 UT, with
MLT= 09:00 and Kp = 4. The plasmapause is clearly defined here
at L= 4.
in the chorus source region, the global distribution of wave
power must have a double dependence on L0. As a result,
each ray trajectory is weighted with an intensity given by the
following weight function:
g(θ0,ω0,L0)= h0(θ0)exp
[
−
(
(L0−Lm)2
2(0.2)2
)]
×exp
[
−
(
(L0− 8.5)2
2(1.2)2
)]
×exp
[
−
(
(ω0− 0.35e,0)2
2(0.1e,0)2
)]
, (1)
where Lm is the L0 value corresponding to the wave power
distribution maximum for each SCE.
3 Transformation of rising-tone elements
into falling tones
All SCEs are numerically injected at the equator and propa-
gated through the inner magnetosphere. We obtain their prop-
erties at every point in space, notably when they recross the
equator after magnetospheric reflection, after which ray trac-
ing is stopped. Results of our modeling are shown in Fig. 2,
in which one SCE is recorded in two different L-shells at the
equator: in its injection region and in a lower L-shell. The
upper panels in Fig. 2 show the time-frequency spectrograms
obtained at L= 7 and L= 5.5 in the equatorial plane. In the
upper-left panel, the dashed black line represents half the
equatorial electron gyrofrequency e,equ in that particular
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Fig. 2. Time-frequency power spectra (top panels) of source and reflected chorus elements and their internal
structure (bottom panels) as a function of θ angle (color), obtained from numerical simulations, recorded at the
equator in two different regions L=7 (source) and L=5.5. In each panel, the dashed black line represents
0.5Ωe and the dotted line represents 0.25Ωe. Initial ray frequencies normalized to Ωe,0 are shown by text. The
solid black line shows the sweep rate of each reflected element.
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Figure 2. Time-frequency power spectra (top panels) of source and
reflected chorus elements and their internal structure (bottom pan-
els) as a function of θ angle (color), obtained from numerical sim-
ulations, recorded at the equator in two different regions L= 7
(source) and L= 5.5. In each panel, the dashed black line repre-
sents 0.5e and the dotted line represents 0.25e. Initial ray fre-
quencies normalized toe,0 are shown by text. The solid black line
shows the sweep rate of each reflected element.
region, and the dotted line in both upper panels represents
0.25e,equ.
In the upper-left panel, the injection region of the SCE,
one can see the initial rising-tone element injected at ∼ 1 s,
as well as its reflected signal obtained in the same region
at ∼ 3 s. The reflected signal exhibits an approximately 5–
20 times lower intensity than the initial signal due to spatial
dispersion of ray trajectories during wave packet propagation
and reflection (see Breuillard et al., 2013). However, both
initial and reflected elements in this region exhibit similar
characteristics, in particular, a rising tone (dω/dt > 0). The
frequency sweep rate dω/dt , indicated by the solid black line
in the bottom panels in this figure, is obtained by a linear fit
of all points constituting each reflected element.
The reflected signal obtained in the lower L-shell re-
gion (upper-right panel), however, has characteristics that are
completely different from those of the initial SCE. It ex-
hibits a narrower bandwidth (about half the initial signal)
centered around 0.25e,equ and a much (∼ 20–50 times)
lower intensity than the initial signal. Moreover, this signal
mainly shows a falling tone (dω/dt < 0, indicated by the
solid black line in the bottom-right panel), which implies that
falling-tone chorus elements can be obtained from magneto-
spherically reflected rising-tone chorus elements generated at
higher L-shells.
The characteristics of the obtained reflected elements can
be explained by spatiotemporal dispersion of the different
ray trajectories, shown by the internal structure of the signals
in the lower panels of Fig. 2. Technically, each point in the
lower panels of Fig. 2 is a ray that has been reflected to L= 7
and L= 5.5, and the density of rays (weighted by their am-
plitude) is used to create the contours in the top panels, using
small interpolation for the sake of clarity. The reflected sig-
nal in the SCE source region (lower-left panel) is composed
of rays that deviate very little (±0.1RE) from their initial
magnetic field line. Thus, it includes all initial ray frequen-
cies (0.25–0.45e,0, with e,0 being the electron gyrofre-
quency in the source region). Rays in this region are oblique
(40◦ ≤ θ ≤ 70◦), and higher θ predominates in the lower fre-
quencies (0.25–0.3e,0) because rays with these frequencies
reach higher L-shells during propagation. Hence, for these
frequencies, only higher initial wave-normal angles θ0 are
reflected at lower L-shells, yielding more oblique rays than
higher e,0. Each set of reflected rays composing an ini-
tial frequency forms a characteristic “whistler-like” disper-
sive pattern, each horizontal line of which is a different L0
because the gyrofrequency is different for each L0 (higher
lines thus indicate lower L-shells and vice versa). As a re-
sult, the presence of all initial frequencies gives a rising tone
to the reflected element in the source region, and the sweep
rate is even lowered by the time delay of rays with highest
e,0 coming from lower L-shells.
To clarify the spatiotemporal dispersion of the different
ray trajectories, in Fig. 3 we have selected four representative
rays generated at different L-shells (L0 = 6.8 for upper row;
L0 = 7.2 for lower row) in the vicinity of the magnetic equa-
tor, and reflected to the equator in different regions (L= 7
for left column; L= 5.5 for right column). We first describe
rays reflected at L= 7. In the left column, rays are launched
with a frequency ω = 0.4e,0 from L0 = 6.8 (panel a) and
L0 = 7.2 (panel c) with different parameters: θ = 5◦ and
ϕ =−180◦ for panel a and θ = 5◦ and ϕ = 0◦ for panel c.
It is clear that these two rays are reflected at L≈ 7 (X ≈
4.4× 107m). However, their time of travel is different, and
the first ray (launched at L0 = 6.8) is delayed by about 0.22 s
compared to the ray in panel c (launched at L0 = 7.2), be-
cause after reflection it reaches higher L-shells. Ray a corre-
sponds to a frequency of ∼ 1200 Hz in the bottom-left panel
of Fig. 2, whereas ray c has a frequency f ≈ 1000 Hz, be-
cause ray a is generated at L= 6.8, where gyrofrequency
is higher than at L= 7.2. Thus, among rays with frequency
ω = 0.4e,0, high frequencies arrive after low frequencies,
forming a rising tone. The sweep rate is even lowered by the
presence of low frequencies (0.25–0.35e,0), which are gen-
erated before high frequencies (0.4–0.45e,0) in the wave
packet, giving a clearly rising tone with a large bandwidth
(∼ 600 Hz).
Then we describe the spatiotemporal dispersion of rays re-
flected at L= 5.5. To do so, two representative rays with fre-
quency ω = 0.45e,0 and reflected at L= 5.5 are presented
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Amplitude
Fig. 3. Sample trajectories of representative rays launched atL=6.8 (upper panels) andL=7.2 (lower panels),
and reflected at L=7 (left panels) and L=5.5 (right panels). Rays frequency is ω=0.4Ωe,0 for rays a) and
c), and ω=0.45Ωe,0 for rays b) and d). The ray’s time of travel t is indicated in each panel. Color corresponds
to the ray’s amplitude (see colorbar), starting at the normalized value of 1 (red color) and being damped during
their propagation back to the equator (blue color).
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Figure 3. Sample trajectories of representative rays launched at L= 6.8 (upper panels) and L= 7.2 (lower panels), and reflected at L= 7
(left panels) and L= 5.5 (right panels). The ray’s frequency is ω = 0.4e,0 for rays a and c, and ω = 0.45e,0 for rays b and d. The ray’s
time of travel t is indi ated in each panel. Color corresponds to the ray’s amplitu e (see colorb r), starting at the normalized value of 1 (red
color) and being damped during their propagation back to the equator (blue color). The Earth is depicted in grey color.
in the right column. Ray b is launched at L0 = 6.8 with
θ = 15◦ and ϕ = 0◦, and ray d is launched at L0 = 7.2 with
θ = 30◦ and ϕ = 0◦. Here ray d reaches very low L-shells
and its travel time is delayed by ∼ 0.24 s compared to ray b,
because its trajectory is longer. Ray b corresponds to a fre-
quency of ∼ 1350 Hz in Fig. 2, whereas ray d corresponds to
a frequency of ∼ 1150 Hz, because gyrofrequency is lower
at L0 = 7.2 as stated above. As a result, in the bottom-right
panel of Fig. 2, among rays with frequency ω = 0.45e,0
low frequencies arrive after high frequencies; thus a falling
tone is formed. Low frequencies (0.25–0.35e,0) gener-
ated in the wave packet are not reflected in this lower L-
shell region; thus they are removed from the spectrum and
the bandwidth and duration of the falling tone are reduced
(∼ 200 Hz).
The reflected signal in the lower L-shell region (lower-
right panel), however, is composed of only high frequen-
cies (0.35–0.45e,0). Thus, it exhibits a lower intensity and
a narrower bandwidth because the lower frequencies in the
initial element are not reflected into such lower L-shells.
At L= 5.5, rays are also very oblique (θ ≈ 75◦) because
at these high e,0 only rays with higher θ0 have access to
this region after their reflection. Therefore, in these regions
the time delay of rays originating from higher L-shells and
the absence of lower frequencies result in reversal of the
sweep rate. Thus, we observe the formation of very oblique
falling-tone elements with a narrow bandwidth. Since this
phenomenon is only possible at L-shells significantly lower
than L0, the carrier frequency of the falling-tone element is
lower than the local electron gyrofrequency (∼ 0.25e,equ).
4 Statistical properties of modeled falling-tone elements
Making use of the technique described in the previous sec-
tion for each rising-tone chorus element, we determine the
statistical properties of the falling tones obtained by our ray-
tracing simulations.
The database of ray trajectories used here covers the 5≤
L0 ≤ 10 range with a step 1L0 = 0.1RE, allowing us to
propagate about 35 rising-tone elements 0.3RE wide, each
including ∼ 8000 rays. Each ray is launched from the equa-
tor and propagated in the core (0.5 eV) plasma at higher lat-
itudes, where it can eventually reflect. We record each re-
flected ray trajectory when it recrosses the equator in the
range 3≤ L≤ 10 with a bin size of 0.2RE in L-shell and
1◦ in latitude. In each bin, the points of the reflected ele-
ment are fitted using a linear model to determine whether
the tone is rising (positive frequency sweep rate) or falling
(negative frequency sweep rate). The ray tracing is stopped
when the rays recross the equator after their first reflection
at high latitude. Thus, we trace the rays through the equator
www.ann-geophys.net/32/1477/2014/ Ann. Geophys., 32, 1477–1485, 2014
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only once. Because ray trajectories disperse into different L-
shells during propagation and reflection, we obtain about five
falling tones (each is thus observed at different L) per rising
tone launched at the equator. Using this technique, we ob-
tain a total of about 180 falling-tone elements, the statistical
distributions of which are compared with initial rising-tone
properties and statistical distributions measured by THEMIS
spacecraft (Li et al., 2011b, 2012).
Figure 4 shows the wave-normal angle, L-shell, fre-
quency probability distribution functions obtained for mod-
eled falling-tone chorus elements (in black), and modeled
initial rising-tone chorus elements (in red). The various equa-
torial distributions for initial rising tones are described by the
terms in Eq. (1); their choice is discussed in Sect. 2.
The wave-normal angle distribution (left panel) of falling-
tone elements, a narrow Gaussian-like function centered
at about θmax ≈ 70◦, is in good agreement with the
Li et al. (2011b, 2012) results. This distribution indicates
that, as observed previously (e.g., Cornilleau-Wehrlin et al.,
1976; Santolík et al., 2009), falling tones propagate near the
resonance cone even at the magnetic equator.
The modeled L-shell distribution of falling tones (mid-
dle panel) is also a Gaussian-like function centered around
Lmax = 6.5, which maximum is observed by Li et al. (2012)
as well; thus, its maximum is shifted ∼ 2RE inward of the
rising-tone L distribution maximum (Lmax = 8.5 for rising
tones). This result is consistent with the observed confine-
ment of falling tones to lower L-shells than rising tones (Li
et al., 2011b). It is also in very good agreement with the sta-
tistical results obtained by Li et al. (2012) in the prenoon
sector, where the maximum L distribution of falling tones is
shifted ∼ 2RE inward of the rising-tone maximum.
The frequency distribution of modeled falling tones (right
panel) is also consistent with most previous observations
(see, e.g., Chum et al., 2009; Li et al., 2011b, 2012), since
its bandwidth is half as wide (∼ 0.1e,equ) as that of ris-
ing tones (∼ 0.2e,equ), and its central frequency is lower
(∼ 0.25e,equ) than the corresponding value for rising tones
(∼ 0.35e,equ).
5 Discussion and conclusions
In the present study, we modeled falling-tone chorus element
properties using a 3-D ray-tracing code that includes a re-
alistic model of Earth’s inner magnetosphere. Rising-tone
chorus elements with parameters typically observed onboard
different spacecraft were injected at the equator in the cho-
rus source region and propagated throughout the entire in-
ner magnetosphere. We show that weak-amplitude falling-
tone chorus elements can originate from magnetospheric re-
flection of rising tones generated at higher L-shells, due to
the spatiotemporal dispersion of ray trajectories (see, e.g.,
Breuillard et al., 2013). The removal of lower frequencies
from the spectra at lower L-shells and the time delay of
Fig. 4. Probability distribution functions of wave normal angle (left panel), L-shell (middle panel) and normal-
ized frequency (right panel) obtained from numerical simulations of chorus elements. Statistical distributions
of initial rising tones (red) and falling tones (black) are compared.
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Figure 4. Probability distribution functions of wave-normal angle
(left panel),L-shell (middle panel), and normalized frequency (right
panel) obtained from numerical simulations of chorus elements.
Statistical distributio s of initial rising tones (red) and falling tones
(black) are compared.
waves coming from higher L-shells indeed produce fre-
quency sweep rate reversal. Thus, weak-amplitude falling
tones can be viewed in our model as reflected and dispersed
echoes of rising-tone emissions. The properties of falling-
tone chorus elements found in this study are consistent with
magnetic field measurements from THEMIS spacecraft pre-
sented in recent statistical distributions (e.g., Li et al., 2011b,
2012).
Li et al. (2011b) have suggested that the effects of wave
propagation may play an important role in the evolution of
chorus-wave elements. In our model, falling tones with a
low frequency sweep rate are observed at much lower L-
shells because at these L-shells more lower frequencies are
removed from the spectrum and the time delay between
rays from different L-shells is higher. Therefore, falling
tones with low frequency sweep rate are observed farther
from the original rising tone and thus exhibit a lower in-
tensity, in agreement with THEMIS observations (Li et al.,
2011b, 2012). According to our model, the size of the
source (rising tone) element affects the bandwidth and du-
ration of the reflected falling tone; e.g., a smaller source size
would give a smaller bandwidth and duration of the gener-
ated falling tones. Therefore, the wide range of bandwidths
(∼ 50–500 Hz) and durations (∼ 0.05–0.5 s) of falling tones
observed onboard spacecraft would be explained in terms of
rising tone size variations (100–3000 km) in the source re-
gion. In addition, Li et al. (2011b) have shown that weak-
amplitude falling tones are observed mostly at λ > 10◦ (see
also Burtis and Helliwell, 1976). Our model is consistent
with this result because falling tones are shown not to be
generated at the equator as rising tones but to form during re-
flection at higher latitudes. Hence they are observed to prop-
agate towards the magnetic equator. In fact, our model is able
to form any type (rising and falling tones, hooks and struc-
tureless elements) of reflected chorus spectral structures ob-
served onboard spacecraft (see, e.g., Agapitov et al., 2010),
but this aspect is beyond the scope of this study and will be
left for future investigation.
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According to Li et al. (2013) (see also references therein),
reflected waves are observed to be at least 2 orders of magni-
tude weaker than source (equatorial) chorus. However, in this
study the power spectra of reflected falling tones are about
1 order of magnitude weaker, because rays are propagated
in background/core (∼ 0.5 eV) plasma solely; thus the damp-
ing of waves is negligible (∼ 10−4) during their propagation.
Therefore, according to our model the wave power decrease
due to wave dispersion is about 1 to 1.5 orders of magnitude
(see also Breuillard et al., 2013). However, the presence of
energetic electrons (∼ 0.1–100 keV) plays a crucial role in
the wave damping/amplification during its propagation (see,
e.g., Kennel and Thorne, 1967). Thus, if energetic electrons
are taken into account in the model, waves would presum-
ably grow at low latitudes (λ < 15◦) and then be damped at
higher latitudes (see, e.g., Kennel and Thorne, 1967; Watt
et al., 2012, 2013), and it is very likely that falling tones
spectrum would be (taking into account wave dispersion and
damping) at least 2 orders of magnitude weaker than source
chorus, in accordance with Parrot et al. (2004), Santolík et al.
(2010), and Li et al. (2013). In this sense, studies including a
model of an outer radiation belt are currently conducted by
the authors to estimate chorus-wave growth/damping during
their propagation, in a realistic model of Earth’s inner mag-
netosphere. Preliminary results seem to be consistent with
this hypothesis.
As stated in the previous section, the frequency distribu-
tion of modeled falling tones (see right panel of Fig. 4) is also
consistent with most previous observations (see, e.g., Chum
et al., 2009; Li et al., 2011b, 2012) and all events analyzed in
the frame of this study (not shown), since its peak frequency
is lower than the corresponding value for rising tones. How-
ever, several falling-tone choruses have been observed (see
Santolík et al., 2009; Kurita et al., 2012) to have a rather
high peak frequency (∼ 0.4e,equ) though their bandwidth
is still rather narrow compared to typically observed rising
tones. Therefore, a statistical study of observed falling-tone
frequency distribution is needed to determine the global oc-
currence of their different bandwidths and peak frequencies.
In addition, recently Nunn and Omura (2012) have shown,
from a nonlinear generation model, that falling-tone chorus
elements are not necessarily generated in the equatorial plane
but can grow at some distance (∼ 5200 km) from the equator,
and some can propagate towards the equator. Our model also
suggests that weak-amplitude falling tones can be equator-
ward. Hence, measurements of falling-tone chorus elements
should also be conducted to perform the identification and
proportion of the different falling-tone populations and gen-
eration processes in the inner magnetosphere. A classifica-
tion of these populations is needed to clarify their impact
on energetic electron dynamics – particularly for λ≥ 20◦,
where no falling tone measurements have been presented –
and should be subject to further investigation.
This paper thus provides a new model for the genera-
tion of weak-amplitude falling-tone chorus elements in the
inner magnetosphere and emphasizes the significance of re-
flected chorus waves for the understanding of the inner mag-
netosphere dynamics (see also Santolík et al., 2010). Our
model predicts that rising-tone chorus elements, which are
generated at the equator and magnetospherically reflected
to smaller L-shells, can turn into falling-tone elements that
are then observed at lower latitudes. Therefore, these falling
tones are confined to small L-shells and are found to be
very oblique with a reduced frequency, bandwidth, and wave
power, in good agreement with most previous observations
(see, e.g., Cornilleau-Wehrlin et al., 1976; Li et al., 2011b,
2012, and references therein). This new model can thus be
considered as a possible mechanism responsible for the gen-
eration of weak-amplitude falling-tone chorus, whereas rel-
atively strong falling tones (≥∼ 5 pT), which are observed
to propagate from the equator (Kurita et al., 2012; Li et al.,
2013), may be generated by a different mechanism (e.g.,
Nunn and Omura, 2012; Soto-Chavez et al., 2014).
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